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Abstract. We prove, for any finite time, the existence of a weak dynamics for a class of
reaction-diffusion systems in two space dimensions perturbed by a white noise. This class
includes models which may exhibit complex behaviour in space and time. Our approach,
based on the methods of constructive quantum field theory, extends previous results
established for gradient-type systems.

1. Introduction

Motivated by the approach to quantum field theory known as stochastic quantization
it was proved recently [1, 2] that certain gradient-type stochastic parabolic PDEs in two
space dimensions possess weak solutions in spite of infinite renormalization terms
which appear in the formal expression of the equations. This result was obtained using
techniques borrowed from constructive field theory. Its interest, however, goes beyond
the initial context. In fact these equations represent a particular case of infinite-
dimensional stochastically perturbed dynamical systems which appear naturally in
several areas of science. The restriction to gradient-type equations, however, excludes
those very interesting situations where the corresponding determinstic system may
exhibit chaotic behaviour.

In this paper it is shown that the theory can be extended to a class of non-gradient
systems which we believe includes a large number of physically relevant examples.

To characterize the equations that we are able to treat, we start from the general
form¥

2, = vAd,+F(p,)+ea,W, (1)
with

E(3,W,:(x)a, W, 1 (x)) =8(x —x)8(1—1')8, x,xeR® (2)
where {¢,‘,-(x)}“=,¥__‘,,} and {E((b)}{i:, _____ ) are vectors in some finite dimensional space.

Furthermore the F; are polynomials in ¢ and £ is a parameter which measures the
intensity of the noise. Quite generally, F can be decomposed in the following way

. v
F=—-—+F
Py {¢) (3)
where V is an appropriate potential function.

t For £ =0 this is the type of system considered, for example, in [3].
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Our basic assumption is that there exists a decomposition like (3} in which the
potential term provides, for large values of the field ¢, a restoring force which, in a
sense to be made more precise later, will dominate the non-gradient part. Nevertheless,
this structure permits chaotic behaviour at the deterministic level. As it is, (1) does
not make sense due to the singular character of the noise. However, in two dimensions,
for polynomial V and F, it is sufficient to replace them by Wick ordered expressions
to obtain meaningful evolution equations in an appropriate weak probabilistic sense.

T atne add eama srammante nn thic r\nlf\t With ragnacttn thanndarluing datorminiael
b L WD AU D\Jlll\a \l\}llllllblllﬂ uu LIILD pARFLAIL. ¥Y lul Lwd vt L Lll\,« Uiz yiE u\,u‘l uuluauu

dynamics, the addition of white noise in equation {1) generates large fluctuations at
small scales in space. As soon as ¢ ¥V and F are nonlinear, the self-coupling introduced
by local powers of the field induces divergent high frequency behaviour which needs
to be removed in order to obtain finite solutions. This removal, the renormalization

procedure, does not modify the characteristic behaviour of the system and results in
a redefinition of the nhvmnnl parameters (‘IPQ(‘!‘I]’\II’IO it. For FYﬂman after renormaliza.

UL O TIL0 edl prelallllislos Lol “hdlll aived LM gNLG=

tion, the equations of evolution keep the same form except that only the repormalized
ones are meaningful. For fixed physical parameters there is a unique renormalized
form of these equations. In general, the renormalized equations can only be described
through a limiting procedure. However, in two spacetime dimensions, for polynomial
F, the renormalized expression can be analytically written and just results in replacing
powers of the field by their Wick ordered eguivalent,

2. A simple model

Ta wmnl st s mmsmAanats 1A n #alra Aan ne avasmela tha Fallarionns asrobams " TR N
1 nanKe il IED LUIIDICLC, ICL Ud LARLY Ad d4dll TAA uplG LuIe 1wl IE Dyblcll.l wiLll (P
two-dimensional

3, =0+ A(d,) - b, T 0, W, (4)

where A is the 2 X2 matrix

(A1(1—|¢|2) -,\2(1—|¢|2)) (5)

A2(1_|¢|2) )\1(1"|¢|2)

with A, > 0.

Notice that in this case the gradient and non-gradient parts are orthogonal,

It is not difficult to construct examples of reaction-diffusion equations with more
complicated behaviour. For example, taking ¢ three-dimensional, one can have a
structure similar to the Lorenz model.

To simplify the discussion of the model we will introduce asin [1] a regulanzatlon
in space and carry out the proof of existence of weak solutions for the following

modified and renormalized version of the model given by (4) and (35)

depy = _(“A“‘1)p¢1+(’—6+1)_|+pi[/\1(1 _|¢'|2)¢’1"A2(1 '|¢12)¢2]:+£BIW1 (6)

3= —(—A+1)"d+(—A+ DA (1= | s+ A (1 —| D) ): + 0. W2
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with
E(3,W,,(x)8, W, . (x))=848(t—tN(—A+1)"""(x~x"). (7)

for some 0 < p <1 to be chosen later.
The Wick ordering symbol : : means the following:

=
JplPhi: =] —3e%ch + (i —£'c) =197+ P (8)
O dai = @3 —3e e+ pa(@T— e7c) =193+ i
where ¢ = C(x, x) =(—A+1)"'(x, x). Of course, c is infinite so that the right-hand side
of (6} is purely formal.
The original model (4) and (5) corresponds to p=1. We shall comment on this
point later.
Proceeding now as in [1] and [2] we transform (6) into an integral system

t

¢,=Z,+J ds exp[—(t—5)C°]1C" *:A(d,)d,: (9
Q

where Z, satisfies
dZ,=-C™"Z dt+ e, W,. {10)

The next step, which defines the weak dynamics, consists in defining the evolution
semigroup by

E,(f(¢) S E,(f(Z)exp(£)) (11)

where @, is the initial condition and
1 ! T

§,=—J (:A(zs)zs:,dws)gl—zj dsCAZ)Z,:, C'7:A(Z,)Z,) (12)
£ Jp £ Jo

and f(«¢,) is a functional of ¢,(-).
In [1] and [2] the control of e was obtained by performing first the stochastic
integral in (12), which was possible due to the gradient character of the equation.
As we shall see in the next section, under appropriate conditions, the existence of
the rHS of (11) can be reduced to the results already established in [1, 2].

3. Existence of weak dynamics

To explain our strategy, let us separate in £, the gradient and the non-gradient parts.
This is obtained by decomposing A into its diagonal and non-diagonal parts

A=AptAnp.- (13)
Then taking account of orthogonality
&=fp.t ‘fND,r

where

1 1 ! )
§D,=—J (:Ao(z,)ztz,dws)——zﬂf ds|C' A Z) 2.1
' € Jo 2e” Jo

] f (14)
1 1 -
fND,r:;j (:AND(Z()ZS:de\)_FJ dS”C“ p)u:AND(Z,x)Zv:”2‘
0

1]
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Following [1], to prove the existence of the evolution we need to show that
E,,(e") <o (15)

for some p>1.

Qur approach is inspired by the discussion of the Girsanov formula in chapter 7
of [4].

We first regularize £ by substituting Z, with Z!™’, its projection to the first N
eigenvectors of an orthogonal basis, and C(x, y) with Cy{x, y) and define in general

def k=N
NESIEIE T N T (16)

For example, we can take for A, and &, the system of eigenvalues and of eigenvectors
of (—A+1) in the volume A. We have now

E s (exp(pei™" ') = E 4 (exp(K{M + K{™)) (17)
where
K =f J‘; (:AND(ZMY 2, dw,)—;;:z [ ds[|CR" 2 Aan( 2 200 P
and
Ky =-§ L’ CANZMZN: dW,) —ﬁ J-Or ds||CE 2 A ZN) 2

+p(p+l)(p—1)J"

2¢2

dsfCV™? AN ZM)ZEY

0

Applying the Hdélder inequality

p tp—1)/p
E o (exp(pE)) < [ Euefexp(pK i )17 [Eos.,(exp(;:; Ké"”))] . ()
The important observation which justifies the splitting of ¢, is that
E, (exp(pK{™)) =1. (19)

This follows from:
(i) pKi™ is the Girsanov exponent corresponding to the drift
ch(r:'_p)/z :AND(Z(N))Z(N):
(ii) the corresponding stochastic {finite-dimensional) equation has a strong solution
for any finite time.
We want to show now that under suitable conditions the second factor in (18) is

uniformly bounded in N.
In fact

r MY} o »’ " (N)y N, )) M
Ed,n(exp(p K ))\E'b”(ew(s(pml),[.o CAR(Z" N2 dW. ) ) e (20}

provided

]
_J ds|CN 2 AR(ZM) 2|
0

+(p2—1)J ds|CUINT AN 2T 2P < M. (21)
0
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This condition is clearly satisfied in our model if p—1 is sufficiently small (in fact, if
A(p?—1) < A}). The rus of (20) is bounded in N as it follows from explicit calculation
of the stochastic integral and application of the estimates of [1] valid for p <i5. As
in [1] this result holds p, a.e. in the initial condition ¢,, where uc, is the Gaussian
measure with covariance e”(—A+1)"".

4. Generalizations

The result of the previous section is not limited to the particular model (6). We want
to describe here the class of equations for which the extension is straightforward.
Consider the system

a,¢=—(—A+1)“¢+(—A+1)"*":—%+F:+ea,W- (22)

¢ is an n-dimensional vector, 9, W satisfies (7} and V(¢ ) and F(¢) are local poly-
nomials in ¢;. V is assumed to be bounded below and increasing for || — cc like some
even polynomial.

If (aV/ap, C'"?F)=0 and

gviy
_‘ o,
where M is a constant independent of N, our previous analysis applies almost

verbatimTt.
If (aV/agh, C'7°F) #0, (23) must be replaced by

ER AR
_“ ad,

2
CY | +Hp - DIF M ()N <M (23)

2

N
cr - IEvsacpea (0, ok 28 | <m

Q-p)/2
cy?

(24)
We notice that if we call pK|™’ the Girsanov exponent associated to the drift
prCRPYE FNY: the condition

E(J‘ ||p2c%-w2:F<N>||2ds) <o
o

which is certainly satisfied for polynomial F'™', implies [4]
E(exp(pK\™))=1. (25)
In conclusion the following theorem has been proved.
Theorem I, For p < {5, the system (22) with the above hypotheses on V and F, under
the condition (24}, possesses a weak dynamics defined by

def

Eo(f(#) = Ey(f(Z)e") ' (26)

where f{Z,) is a functional of Z, belonging to L%(du,,) for an appropriate g, and
dii,, is the Ornstein- Uhlenbeck measure corresponding to the solution of (10},

+ Actually in (23) and (24) we can allow a growth of M with N provided it is not too strong.
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Everywhere in our equations we have included the parameter £ representing the
intensity of the noise. In many physical situations, one is interested in the limit when
£ is small. In the case of the ordinary stochastic differential equations there is a well
developed theory of small stochastic perturbations which shows that important informa-
tions on the deterministic part of the equations are obtained by studying the limit
when ¢ - 0 and that very interesting phenomena take place for £ small. In [2] it was
shown that the theory of small random perturbations can be adapted, up to a certain
extent, to the case of gradient systems in two space dimensions. The resuits of the
present paper imply that the extension holds also for non-gradient systems with the
same limitations. These limitations come from the fact that due to the ultraviolet
divergencies the random perturbation is always strong at sufficiently small space scale.

Let us conclude with some comments. The techniques of [1, 2] do not apply when
p =1 due to the circumstance that the measure corresponding to the nonlinear equations
is not absolutely coniinuous with respect to that generated by the linear part. However,
it is reasonable to expect that this difficulty can be overcome by a suitable adaptation
of the renormalization group methods developed in constructive field theory. Similarly,
one thinks that these methods can be used to handle higher-dimensional cases and
the problem of the existence and of the construction of stationary measures.
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